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Abstract
In this work we consider a nuclear spin generator given by
x˙ = −βx + y, y˙ = −x − βy(1 − κs), s˙ = β(α(1 − s) − κy2),
where α, β, κ are nonnegative parameters. It models the two temperature feedback nuclear reactor problem
as model by Vreeke and Sandquist (1970) [4]. We contribute to the understanding of its global dynamics,
or more precisely, to the topological structure of its orbits by studying the integrability problem. We prove
that β = 0 or β = 0 and κ = 0 are the only values of the parameters for which the system is integrable, and
in this case we provide an explicit expression for its first integrals.
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1. Introduction
The two temperature feedback nuclear reactor problem as model by Vreeke and Sandquist [4]
can be written by
x˙ = −βx + y, y˙ = −x − βy(1 − κs), s˙ = β(α(1 − s) − κy2). (1)
It is a nonlinear system arising from a nuclear spin generator, where x is a normalised neutron
density, y and s are normalised temperatures, y is associated with the fuel and s with the moder-
ator or coolant; and α, β and κ are nonnegative real parameters.
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as
x˙ = −βx + y, y˙ = −x + β(κ − 1)y + βκyz, z˙ = −β(αz + κy2). (2)
A number of the dynamic aspects of system (2) have been analysed. In particular in [3] its
periodic solutions are studied.
Here we further contribute to the understanding of the complexity, or more precisely of
the topological structure of the dynamics of system (2) by studying its integrability. For the
three-dimensional system of differential equations the existence of one first integral reduces the
complexity of its dynamics and the existence of two first integrals that are functionally inde-
pendent solves completely the problem (at least theoretically) of determining its phase portraits.
In general for a given differential system it is a difficult problem to determine the existence or
nonexistence of first integrals. Thus, for proving our main results we shall use the information
about invariant algebraic surfaces of this system. This is the basis of the so-called Darboux theory
of integrability, for more details see Section 2.
We first consider the case in which β = 0 or κ = 0. We start with the following result.
Theorem 1. The following hold for Eq. (2).
(a) If β = 0, it is integrable with the polynomial first integrals
H1 = z and H2 = y2 + z2.
(b) If κ = 0 and β = 0, it is integrable with the first integrals
H3 = (x + iy)
2β
(x2 + y2)β+i and H4 = (x + iy)
βαzβ+i .
It is straightforward to verify that H1, H2, H3 and H4 in the statement of the theorem are
first integrals of Eq. (2). Therefore the proof of Theorem 1 will be omitted and from now on we
consider the cases in which β,κ ∈ R \ {0}.
The following theorem is the main result of this paper.
Theorem 2. The following statements hold for Eq. (2) with β,κ ∈ R \ {0}:
(a) It has no polynomial first integrals;
(b) It has no Darboux polynomials with nonzero cofactor;
(c) The only exponential factor is ex . The cofactor is −βx + y;
(d) It does not admit any Darboux first integral.
The paper is organised as follows. In Section 2 we introduce some basic definitions and results
related to the Darboux theory of integrability that we shall need in order to prove one of our main
results. In Section 3 we prove Theorem 2.
2. Preliminary results
During recent years the interest in the study of integrability of differential equations has at-
tracted much attention. The Darboux theory of integrability plays a central role in the integrability
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the family of Darboux functions. More precisely, the significance of this method is that we can
compute the Darboux first integrals by knowing a sufficient number of algebraic invariant sur-
faces (the so-called Darboux polynomials) and of the so-called exponential factors. We would
like to highlight that it works for real or complex polynomial ordinary differential equations. The
study of complex invariant algebraic curves is necessary for obtaining all the real first integrals
of a real polynomial differential equation, for more details see [2].
We associate to system (2) the following vector field
X= (−βx + y) ∂
∂x
+ (−x + β(κ − 1)y + βκyz) ∂
∂y
+ −β(αz + κy2) ∂
∂z
. (3)
Let U ⊂ R3 be an open subset. We say that the nonconstant function H :U → R is a first integral
of the polynomial vector field (3) associated to system (2), if H(x(t), y(t), z(t)) = constant for
all values of t for which the solution (x(t), y(t), z(t)) of X is defined on U . Clearly H is a first
integral of X on U if and only if XH = 0 on U . When H is a polynomial we say that H is a
polynomial first integral.
Let h = h(x, y, z) ∈ C[x, y, z] be a nonconstant polynomial. We say that h = 0 is an invari-
ant algebraic surface of the vector field X in (3) if it satisfies Xh = Kh, for some polynomial
K = K(x,y, z) ∈ C[x, y, z], called the cofactor of h. The polynomial h is called a Darboux
polynomial.
Let g,h ∈ C[x, y, z] be coprime. We say that a nonconstant function E = eh/g is an expo-
nential factor of the vector field X given in (3) if it satisfies XE = LE, for some polynomial
L = L(x, y, z) ∈ C[x, y, z], called the cofactor of E and having degree at most 1. Note that this
relation is equivalent to
(−βx + y)∂(g/h)
∂x
+ (−x + β(κ − 1)y + βκyz)∂(g/h)
∂y
− β(αz + κy2)∂(g/h)
∂z
= L. (4)
For a geometrical and algebraic meaning of the exponential factors see [1].
A first integral G of system (2) is called of Darboux type if it is of the form
G = f λ11 · · ·f
λp
p E
μ1
1 · · ·E
μq
q , (5)
where f1, . . . , fp are the Darboux polynomials, E1, . . . ,Eq are the exponential factors and
λj ,μk ∈ C for j = 1, . . . , p, k = 1, . . . , q . For more information on the Darboux theory of inte-
grability see, for instance, [2] and the references therein.
For a proof of the next proposition see [1].
Proposition 3. The following statements hold:
(a) If E = eg/h is an exponential factor for the polynomial system (2) and h is not a constant
polynomial, then h = 0 is an invariant algebraic curve.
(b) Eventually eg can be an exponential factor, coming from the multiplicity of the infinite in-
variant straight line.
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We separate the proof of Theorem 2 into the different propositions.
Proposition 4. System (2) with β,κ ∈ R \ {0} has no polynomial first integrals.
Proof. Let h be a polynomial first integral of system (2). Then it satisfies
(−βx + y)∂h
∂x
+ (−x + β(κ − 1)y + βκyz)∂h
∂y
− β(αz + κy2)∂h
∂z
= 0. (6)
Without loss of generality we can write
h =
n∑
j=1
hj (x, y), (7)
where each hj = hj (x, y) is a homogeneous polynomial of degree j and we assume that hn = 0.
Computing the terms of degree n + 1 in (6) we get
βκyz
∂hn
∂y
− βκy2 ∂hn
∂z
= 0. (8)
Solving this differential equation we obtain hn = hn[y2 + z2]. Since hn = 0 is a homogeneous
polynomial of degree n 1, we conclude that
hn = αnxn−2m
(
y2 + z2)m, with αn ∈ C \ {0},
and m n is a positive integer.
Computing the terms of degree n in (6) we get
βκyz
∂hn−1
∂y
− κβy2 ∂hn−1
∂z
= (βx − y)∂hn
∂x
+ (x − β(κ − 1)y)∂hn
∂y
+ βαz∂hn
∂z
. (9)
Solving this differential equation and using that βκ = 0 we get that
hn−1 = αn
βκ
xn−1−2m
(
y2 + z2)m−1
[(
n
(
y2 + z2)− 2m(x2 + y2 + z2)) arctan
(
y
z
)
+ βx(−2(α + κ − 1)mz + (2(α − 1)m + n))
√
y2 + z2
× (− log(β(2(α − 1)m + n)xy(y2 + z2)3/2)
+ log(−4(y2 + z2 + z
√
y2 + z2)))
]
.
Since hn−1 must be a homogeneous polynomial of degree n − 1 we must have that m = 0 and
n = 0. Thus, hn = 0 which is not possible since h is a first integral. 
Proposition 5. System (2) with β,κ ∈ R\{0} has no Darboux polynomials with nonzero cofactor.
Proof. Let h be an irreducible Darboux polynomial of system (2) with nonzero cofactor K ,
where K = α0 + α1x + α2y + α3z, with αi ∈ C for i = 0,1,2,3 not all zero.
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(−βx + y)∂h
∂x
+ (−x + β(κ − 1)y + βκyz)∂h
∂y
− β(αz + κy2)∂h
∂z
= (α0 + α1x + α2y + α3z)h. (10)
It is easy to see by direct computations that if h has degree one then h is zero. Now we assume
that h has degree greater or equal to two. Thus we decompose h as a sum of homogeneous
polynomials similarly as in (7), where n 2 and hn = 0.
Computing the terms of degree n + 1 in (10) we get
βκyz
∂hn
∂y
− βκy2 ∂hn
∂z
= (α1x + α2y + α3z)hn.
Solving this linear differential equation we obtain
hn = Kn
(
y2 + z2)+ βn
(
−α2 arctan
(
y
z
)
+ α3 logy
+ α1x√
y2 + z2 log
−2(y2 + z2 + z√y2 + z2)
α1xy
√
y2 + z2
)
,
where βn ∈ C and Kn is a function in the variable y2 +z2. Since hn is a homogeneous polynomial
of degree n we must have α1 = α2 = α3 = 0 and hn = αnxn−2m(y2 + z2)m with αn ∈ C \ {0}
(since hn has degree at least two, and hence cannot be zero) and m a nonnegative integer.
Computing the terms of degree n in (10) we get
βκyz
∂hn−1
∂y
− κβy2 ∂hn−1
∂z
= (βx − y)∂hn
∂x
+ (x − β(κ − 1)y)∂hn
∂y
+ βαz∂hn
∂z
+ α0hn.
Solving this linear differential equation and using that βκ = 0 we obtain
hn−1 = αn
βκ
xn−2m−1
(
y2 + z2)m−1
[(−n(y2 + z2)+ 2m(x2 + y2 + z2)) arctan
(
y
z
)
+ x(2β(α − 1 + κ)mz + (α0 + β(2(α − 1)m + n)
√
y2 + z2
× log(α0 + β(2(α − 1)m + n))xy(y2 + z2)3/2)
− (α0 + β(2(α − 1)m + n)))
√
y2 + z2 log(2(y2 + z2 + z
√
y2 + z2))
]
+ Kn−1
(
y2 + z2),
Kn−1 is a function in the variable y2 + z2. Since hn−1 is a homogeneous polynomial of degree
n − 1 we must have n = m = 0. But then hn = αn = 0 is a constant and it follows from (10)
that 0 = α0αn, that is α0 = 0. This implies that K = 0 is a contradiction with the fact that h is a
Darboux polynomial with nonzero cofactor K . This completes the proof of the proposition. 
Proposition 6. The only exponential factor of system (2) with β,κ ∈ R \ {0} is ex with cofactor
−βx + y.
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(−βx + y) ∂g
∂x
+ (−x + β(κ − 1)y + βκyz)∂g
∂y
− β(αz + κy2)∂g
∂z
= α0 + α1x + α2y + α3z, (11)
where αi ∈ C, for i = 0,1,2,3 are not all zero.
We first prove that g is a polynomial of degree two. We proceed by contradiction. Assume
that g is a polynomial of degree n  3. We write it as a sum of its homogeneous parts as g =∑n
j=0 gj (x, y, z), where each gj is a homogeneous polynomial of degree j . Without loss of
generality we can assume that gn = 0. Then since the right-hand side of Eq. (11) has degree at
most one, computing the terms of degree n + 1 in Eq. (11) we get
βκyz
∂gn
∂y
− κβy2 ∂gn
∂v
= 0,
which is Eq. (8) replacing hn by gn. Then the arguments used in the proof of Proposition 4 imply
that gn = αnxn−2m(y2 + z2)m with αn ∈ C.
Now computing the terms of degree n 3 in (11) and taking into account that (11) has degree
one, we get
βκyz
∂gn−1
∂y
− κβy2 ∂gn−1
∂z
= (βx − y)∂gn
∂x
+ (x − β(κ − 1)y)∂gn
∂y
+ βαz∂gn
∂z
,
which is Eq. (9) with hn replaced by gn and hn−1 replaced by gn−1. The arguments used in the
proof of Proposition 4 imply that gn = 0. Then we get that gn = 0 for n  3, and thus g is a
polynomial of degree at most two satisfying (11). Solving now (11) we get that g must be x with
cofactor −βx + y. 
3.1. Proof of Theorem 2
Statements (a), (b) and (c) in Theorem 2 follow directly from Propositions 4, 5 and 6.
In what follows we prove statement (d) by contradiction. Assume that G is a first integral
of Darboux type. Then in view of its definition in (5) and taking into account Propositions 4, 5
and 6, G must be of the form
G = eμ1x, with μ1 ∈ C.
Since G is a first integral it must satisfy XG = 0, that is,
XG = (−βx + y)∂G
∂x
+ (−x + β(κ − 1)y + βkyz)∂G
∂y
− β(αz + ky2)∂G
∂z
= μ1(−βx + y)G = 0.
Hence, μ1 = 0. Then G = constant, in contradiction with the fact that G was a first integral. This
concludes the proof of the theorem.
Acknowledgements
The author is partially supported by the FCT through CAMGDS, Lisbon.
C. Valls / Bull. Sci. math. 135 (2011) 435–441 441References
[1] C. Christopher, J. Llibre, J.V. Pereira, Multiplicity of invariant algebraic curves in polynomial vector fields, Pacific J.
Math. 229 (2007) 63–117.
[2] J. Llibre, Integrability of polynomial differential systems, in: A. Cañada, P. Drabek, A. Fonda (Eds.), Handbook of
Differential Equations, Ordinary Differential Equations, vol. 1, 2004, pp. 437–533.
[3] W.C. Troy, Oscillation in a third order differential equation modeling nuclear reactor, SIAM J. Appl. Math. 32 (1977)
146–153.
[4] A. Vreeke, G.M. Sandquist, Phase plane analysis of reactor kinetics, Nuclear Sci. Engrg. 42 (1970) 295–305.
